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Vlasov simulations of strongly nonlinear electrostatic oscillations in a one-dimensional
electron-ion plasma
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The problem of the microscopic plasma response to the excitation of large amplitude electrostatic perturba-
tions in a two-component plasma is studied by means of the numerical integration of the Vlasov-Maxwell
system. The decaying of an initial electron density perturbation as well as the plasma response to an externally
applied oscillating electric field are considered for times much longer than the typical ion-plasma times. The
interconnections between the microscopic particle dynamics and the macroscopic plasma density and tempera-
ture evolutions are investigated.@S1063-651X~98!02811-6#

PACS number~s!: 52.35.Mw, 52.35.Qz, 52.35.Fp, 52.50.Gj
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I. INTRODUCTION

In 1972, Zakharov@1# established the basis of the stron
turbulence theory in a collisionless plasma@2# demonstrating
the possibility of the Langmuir wave collapse as an effici
channel of energy dissipation into the electrons. The exc
tion of shorter and shorter spatial scales, accompanying
formation of density cavities where the electrostatic~ES!
field becomes trapped, provided also a physical answer to
Langmuir condensate paradox@1,3#. A large number of the-
oretical investigations followed those results. They were
tially based on a fluid description of the medium@4–6# and
were extended also to the case of magnetized plasmas@7,8#.
Later on, kinetic approaches were also attempted in orde
describe dissipation processes arising when the typical s
lengths become comparable with the ES screening length@9#,
i.e., the electron Debye lengthlDe5ATe/4pnee

2. Among
the most recent papers where the process of the Lang
collapse is treated in the frame of a Vlasov kinetic theory,
wish to mention those by Wanget al. @10,11#. There, the
one-dimensional Vlasov-Poisson system has been num
cally integrated in order to describe the onset of the mo
lational instability and its evolution towards the formation
density holes where the ES energy gets trapped. The kin
results have then been compared with those of the fl
theory used in the original paper by Zahkarov@1# and good
agreement has been found up to the occurrence of the
collapse. Generally speaking, most of the investigations
this subject have been carried out for small amplitude ex
nal pump field E0 . For example, in Ref.@11# the ratio

ṽ2/vTe
2 '1023, between the electron quiver velocity,ṽ

5eE0 /mev0 , and the electron thermal speed,vTe

5A2Te /me, has been assumed. Moreover, an external pu
electric field oscillating at the electron plasma frequen
i.e., v05vpe5A4pnee

2/me, both for an initially isothermal
case, i.e., withTe5Ti , and for a nonequilibrium situation
with Te /Ti510, has been considered.

The scope of our investigation is to go beyond the
gimes studied in Refs.@10# and @11#, by considering very
large perturbations to the system. We have numerically in
grated the full Vlasov-Maxwell system for the case of a fr
PRE 581063-651X/98/58~5!/6503~9!/$15.00
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decaying initial electron density perturbation, and for t
case of an externally applied electric field. The intensity

the perturbations has been characterized byṽ2/vTe
2 definitely

larger than unity, still remaining in a nonrelativistic regim
of interaction@12#. In order to work with limited integration
times, a fictitious proton to electron mass ratio of 100,
stead of the actual value, has been considered. This sho
the characteristic times of the ion response, with respec
the electron evolution, by a factor 4 to 5, while maintaini
two well separated time scales for the two components.

In recent years new interest in such regimes of stro
wave-plasma interaction has been manifested due to the
perimental observations carried out in magnetic fusion
vices as well as in ionospheric plasmas. In the first ca
during radiofrequency plasma heating in tokamak plasma
reduced accessibility of the wave energy to the cen
plasma has been observed together with the pump wave
quency broadening, parallel wave-vector spectral modifi
tions, and an enhancement of the density fluctuation leve
the edge@13#. On the other side, in ionospheric plasmas
wave packets with frequency of the order of the lower hyb
frequency, accompanied by localized density depletio
have been detected by the instruments of the FREJA sate
@14#. Such observations can be qualitatively described in
framework of a fluid theory of the strong wave-plasma int
action @15#.

With the aim of formulating a kinetic theory of the inte
action between a strong ES perturbation and a tw
component plasma, we have begun a numerical investiga
of the wave-plasma interaction by means of a Vlasov el
tromagnetic~EM! code, starting with studying the simple
case of the evolution of finite amplitude Langmuir waves
an electron-ion one-dimensional unmagnetized plasma.
tice that, due to the almost one-dimensional plasma respo
which characterizes the application of radiofrequency to
magnetized plasma in some specific cases@15#, the simpli-
fied model adopted here can give physical hints of qu
general character, as well. Two cases have been consid
~a! the relaxation of an initially given perturbation in th
form of an unbalanced electron density spatial distributi
and~b! the plasma response to an externally applied oscil
6503 © 1998 The American Physical Society
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FIG. 1. The shaded contours of the spatial distributions of the ion density, of the electron density, and of the electric field are s
functions ofx and t, for the decaying plasma.
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v0 .

The paper is organized as follows. In Sec. II the Vlaso
Maxwell equations relevant to our problem are written
dimensionless form. In Sec. III the relaxation of an init
electron density perturbation is studied, while Sec. IV is
voted to the plasma response to an externally applied ele
field perturbation. Section V contains some concluding
marks.

II. THE MODEL

The numerical code@16# ~see also@17#! solves the two
Vlasov equations for two plasma species, electrons and i
coupled with the Maxwell equations for the self-consiste
fields E andB:

] f i

]t
1v•

] f i

]r
1~E1v3B!•

] f i

]v
50, ~1!

] f e

]t
1v•

] f e

]r
2L~E1Eext1v3B!•

] f e

]v
50, ~2!

]E

]t
5“3B2 (

a5e,i
ja , ~3!
-

-
ric
-

s,
t

]B

]t
52“3E, ~4!

“•B50, “•E5 (
a5e,i

ra , ~5!

where ra5qa*d3v f a(r ,v,t) and ja5qa*d3vvf a(r ,v,t) are
the charge density and the current density relevant to tha
species, respectively.

Equations~1!–~5! are integrated with periodic boundar
conditions inxP@0,2p# and have been normalized accor
ing to the following rules:

vpit→t,
v
c
→v,

vpir

c
→r ,

ma

mi
→ma ,

~6!
f a

n0a
→ f a ,

eE

micvpi
→E,

eB

micvpi
→B.

Here,qa and ma are the electric charge and the mass
thea species,c is the speed of light,e is the modulus of the
electron charge,L5mi /me5100, ba5vTa

2 /c2, and vTa

5A2Ta /ma. Ta is the temperature of thea population. Fi-
nally, the plasma frequencies are evaluated with the un
turbed densitiesn0a of each species. In Eq.~2!, Eext repre-
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FIG. 2. The shaded contours of thek spectra of the electric field,uEku2, as a function ofk andt, for the decaying plasma~a! and for the
forced case withv055 ~b!.
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sents an externally applied high-frequency electric field~if
any! acting on the electron population.

The system of Eqs.~1!–~5! has been reduced to the on
dimensional case,x and vx([v) being the relevant spac
coordinate and velocity, respectively; furthermore, in all ru
we have takenNx5256,Nve5500, andNv i5200. We have
limited our analysis to an initially isothermal plasma, wi
Maxwellian unperturbed distribution functions

f i~x,v,t50!5
1

Apb i

e2v2/b i,

f e~x,v,t50!5
1

Apbe

e2v2/be~11a cosx!, ~7!

Ex~x,t50!5a sin x,

where a>0 is the amplitude of an initial electron densi
perturbation ~if any! and Te5Ti5T. In this paper,be
51023 and b i51025, corresponding toT5250 eV, have
been considered. Notice that, in dimensionless quanti
lDe5(b iTe /Ti)

1/2!1.

III. THE DECAYING PLASMA

The free evolution of the physical system initially d
scribed by Eqs.~7! starting from an electric charge unbalan
has been first investigated. The valuea50.05 used for the
analysis corresponds to a ratioṽ/vTe'16 and to ṽ2/c2

'0.25. The nonrelativistic description is then acceptable
The initial electron density and electrostatic perturbatio

relax, inducing electron plasma oscillations which in t
s

s,

s

course of time create~from t'5 to t'20) two shallow ion
density holes around the initial maxima of the electric fie
distribution, and then (t.25) develops into smaller scal
microcavities, which trap ‘‘hot spots’’ of ES energy. In Fig
1, the shaded contours of the spatial distributions of the
density,ni , of the electron density,ne , and of the electric
field, Ex , are shown as functions ofx and t. Two different
regimes of interaction can be identified. Fort,20, the ap-
pearance of two density cavities aroundx5p/2 and 3p/2 is
observed. The formation of these broad holes follows qu
tatively the law of the cavitation at small perturbation amp

FIG. 3. The electron distribution functionf e(x,v,t) for the de-
caying plasma.~a! and ~b! show the contour lines off e(x50,v,t)
and f e(x5p/2,v,t), respectively.~c! and ~d! show f e(x50,v,t)
and f e(x5p/2,v,t) versusv, respectively, att50 ~dotted lines!
and t530 ~solid lines!.
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tudes. However, at a later time, fort.25, a short-
wavelength instability occurs, which produces
microstructure in the form of deep ion density (udni u/n0
,0.3) troughs. The spatial scale length of this new feat
remains much larger than the electron Debye length even
times much longer than those considered here. The elec

FIG. 4. The isocontours of the electron distribution functi
f e(x,v,t) in the phase space (x,v), for the decaying plasma. Th
plots refer tot52.7 ~a!, 10.3 ~b!, 14.3 ~c!, and 30~d!.
e
or
on

density oscillates at the local electron plasma freque
around a mean value which follows the ion-density profi
The electric field oscillations are perturbed by the change
the local mean electron density and by the electrostatic
ergy trapped inside the density cavities. Figure 2~a! displays
the k spectrum of the electric field,uEku2, as a function ofk
and t, for the free decaying plasma. It is seen that the lo
wavelength cavitation, occurring att'10, corresponds to the
appearance of the lower-order odd harmonics of the ini
field perturbation. Moreover, the subsequent formation of
small-scale structure in the ion-density distribution is acco
panied by a strong broadening of the spectrum over a widk
interval and also by the occurrence of an appreciable h
monic overlapping.

In Fig. 3, the electron distribution function~EDF!
f e(x,v,t) is studied. Plots~a! and~c! are taken atx50 while
plots ~b! and ~d! refer tox5p/2. Plots~a! and ~b! show the
contour lines of the EDF as a function ofv and t. Plots~c!
and ~d! display the EDF versusv at t50 ~dotted lines! and
t530 ~solid lines!. A clear feature of the evolution of the
electron component is that its distribution function broade
leading to an appreciable temperature increase aftert515
220. As for the ions a negligible heating is observed ev
for longer integration times, then we can conclude that, e
if at t50 the plasma is isothermal and the ion-acoustic
cillations cannot be excited, during the evolution of the s
e shown
FIG. 5. The shaded contours of the spatial distributions of the ion density, of the electron density, and of the total electric field ar
as functions ofx and t, for v055.
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FIG. 6. The shaded contours of the spatial distributions of the ion density, of the electron density, and of the total electric field ar
as functions ofx and t, for v0520.
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tem the conditions for the existence of weakly damped i
acoustic oscillations can be naturally realized. On the b
of a pure linear theory, we could speculate that onceTe has
become appreciably larger thanTi , the plasma responds t
the initial perturbation on slow time scales with the exci
tion of ion-acoustic oscillations. In the long-waveleng
limit, i.e., for k2lDe

2 !1, in dimensionless units, the tim
scales associated with the ion-acoustic waves are of the o
of t'23103. As shown in Fig. 2~a!, the range ofk values
excited at t'25 extends up tok'20230, therefore we
could expect a plasma evolution on a typical timet'100.
On the other side, from our numerical simulations~see Fig.
1! the time scales typical of the appearance of the microc
ties in the ion density are of the order of 5210. This means
that this phase of the evolution of the system seems to
dominated by a supersonic plasma response, which ma
favored by the rapid~compared with acoustic times! forma-
tion of the ponderomotive potential.

In Fig. 4, four snapshots of the isocontours of the EDF
the phase space (x,v) are shown att52.7 ~a!, 10.3~b!, 14.3
~c!, and 30.00~d!. It is seen that an early bunching of th
EDF occurs aroundx50,p, which is fed by the increase o
the electric field intensity and by the lowering of the loc
oscillation frequency in correspondence with the dens
depletions. The loss of regularity of the electron oscillati
in the phase space, followed by itsbreaking, leads to a kind
of electron trappinginside the ponderomotive potential wel
-
is

-

er

i-

e
be

l
y

associated with the density structures with typical sca
smaller than the wavelength of the initial perturbation. N
tice that the wavebreaking of the initially nonbreaking pe
turbation is possible by the plasma inhomogeneity produ
by the ion response@18#. In our case~that is, forv'10 and
k51), independently of the assumed model, the reson
electron velocities do not allow an appreciable electron tr
ping inside the wave potential. However, we can interpret
phase structure in Fig. 4~d! as the result of a new kind o
macroscopic~i.e., over several Debye lengths! electron trap-
ping occurring when a quasistationary potential distribut
is set up due to the rearrangement of the ion density un
the action of the ponderomotive forces. This physical proc
will be discussed in more detail in the next section, wher
will manifest itself more evidently.

IV. THE PLASMA RESPONSE TO AN APPLIED
OSCILLATING ELECTRIC FIELD

In this section we deal with the plasma response to
externally applied oscillating electric field at the frequenc
v055,10,20, the value 10 corresponding to the elect
plasma frequency. The relevant forcing term in Eq.~2! reads
Eext(x,t)5E0cosx cosv0t, whereE050.05. Due to itsreso-
nantcharacter, the case withv0510 will be discussed sepa
rately later on. Let us first consider the twononresonant
cases. In Fig. 5 and in Fig. 6, the shaded contours of the
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density,ni , of the electron density,ne , and of the total elec-
tric field ~the pump field plus the self-consistent field!, Ex ,
are shown as functions ofx andt, for v055 and 20, respec
tively. The continuous energy input from the external sou
into the electron population causes the appearance of
electron cavitation aroundt'13215, earlier than in the pre
vious case. It is seen that, especially in the lower freque
case, the electrons are expelled quite efficiently from
regions of high field gradients. The electron plasma f

FIG. 7. The shaded contours of the frequency spectrum of
total electric field,uEvu2, as a function ofx andv, for v055.
e
he

y
e
-

quency is consequently appreciably reduced inside the c
ties, while aroundx5p the electrons pile up and the osci
lation frequency locally increases. Figure 7 shows the sha
contours of the frequency spectrum of the electric field v
susx, for v055. The horizontal bright stripes atv55 ~the
forcing frequency!, 10 ~the plasma frequency!, 15, 20,...~the
harmonics! are clearly visible. The horizontal structure of th
plot shows that there are regions where the frequency isup-
shiftedwith respect to the plasma frequency, as for exam
for 2.6,x,3.7, and to a less extent for 0,x,1.5 and 4.6
,x,6.3, and regions where the frequency isdownshifted, as
for 1.5,x,2.6 and 3.7,x,4.6. They are the result of a
average increase and lowering of the local plasma den
respectively. An interesting feature appears looking at
ion dynamics~see Figs. 5 and 6!. Due to the lowering of the
electron plasma frequency inside the electron cavities,
ions feel locally a quasistationary electric field, which caus
them to form very sharp peaks despite the electron deplet
The possibility of creating spatial regions where the elec
field is quasistationary is clearly demonstrated in thereso-
nant case. In Fig. 8, the shaded contours of the ion dens
electron density, and electric field are shown as functions
x and t, for v0510. It is seen that, whereas the electr
density is almost completely expelled by the ponderomot
forces, the electric field becomes quasistationary in tim
That is it oscillates over time scales which can be of

e

e shown
FIG. 8. The shaded contours of the spatial distributions of the ion density, of the electron density, and of the total electric field ar
as functions ofx and t, for v0510.



w
he
rc
c
n
he
er
im
ly
s

st
ts
n

th

te

tin
tu
en

ice
ic
av
as
a
-
e
a

he
or
lit
e
u

ent

ults
sta-
on
g of
ion
sys-
wo
the
ity
ero

the

sma

on n

PRE 58 6509VLASOV SIMULATIONS OF STRONGLY NONLINEAR . . .
order ofvpi
21 . As a consequence, the ion density can follo

the low-frequency oscillation field and the coupling with t
electron dynamics is no longer through an average fo
only. The competition between the ponderomotive force, a
ing from the high-density side, and the quasistationary o
associated with the slowly varying electric field inside t
cavity, determines the motion of the ion fluid. In oth
words, the common assumption of two well separated t
scales, which is often invoked in order to apply the slow
varying envelope approximation to nonlinear problem
breaks down. The ions are piled up (dni /n0,300%) exactly
at the transition layers between the oscillating and the
tionary electric field, because here steep spatial gradien
the electric field are able to maintain ion concentratio
which persist stably for tens of the ion plasma times.

For the sake of comparison with the decaying plasma,
electric fieldk spectrum,uEku2, as a function ofk and t, is
displayed in Fig. 2~b!, for v055. The formation of the ex-
ternally driven electron cavitation att'11 is accompanied
by the sudden appearance of a high-order harmonic con

Figure 9 displays the electron phase space att52.7 ~a!,
14.5 ~b!, 15.3 ~c!, and 30.3~d! for v055. Here, we have a
clearer view of what we have already observed inspec
the phase space of the decaying plasma. A vortex struc
typical of the electron trapping inside quasistationary pot
tial wells occurs. It is preceded by thebreakingof the oscil-
lation which loses its initial regular structure. We also not
that the symmetry which has been introduced in the phys
system under consideration by assuming a standing w
resulting from two counterpropagating ES waves with ph
velocities6v0 /k, causes the above discussed electron tr
ping to be localized aroundv50. Then, the physical situa
tion can be viewed as if it were produced by two charg
particles or particle bunches drifting in opposite directions
velocities6v0 , much larger than the thermal speed of t
background electron population. It would give rise to a s
of one-dimensional electron-electron two-stream instabi
@19# driven by two charges or localized bunches of charg
instead of two streams. Indeed, the two fast particles wo
produce two counterpropagating sinusoidalCherenkov wakes
of ES oscillations, with wave vectors6k'1/Amev0 . Then

FIG. 9. The isocontours of the electron distribution functi
f e(x,v,t) in the phase space (x,v), for v055. The plots refer to
t52.7 ~a!, 14.5 ~b!, 15.3 ~c!, and 30.3~d!.
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the electron trapping shown in Figs. 9~c! and 9~d!, corre-
sponding to times of well developed high harmonic cont
@see Fig. 2~b!#, could be interpreted as due to anonlinear
two-bunch instabilitywith v0'0.320.5. At this point it is
worth emphasizing the close similarities between our res
and those on the nonlinear evolution of the Buneman in
bility @20,21#. The concomitant occurrence of the electr
trapping, the high harmonic generation, and the spreadin
the electron distribution function on one side, and the
acceleration on the other side, are characteristic of both
tems, even if the intensities of the interactions in the t
cases are quite different. Another common feature is that
electron drift velocity is much larger than the phase veloc
of the electrostatic potential disturbance, the latter being z
in our case.

That the ion dynamics becomes strongly coupled to
electron dynamics in the less dense regions~see Fig. 9! is
demonstrated in Fig. 10, where the phase space of the pla
ions is shown att57.5 ~a!, 13.4~b!, 16.3~c!, and 30.0~d! for
v055. We see that the ions undergowavebreakingtogether

FIG. 11. The electron distribution functionf e(x,v,t) for v0

55. The plots are the same as in Fig. 3.

FIG. 10. The isocontours of the ion distribution functio
f p(x,v,t) in the phase space (x,v), for v055. The plots refer to
t57.5 ~a!, 13.4 ~b!, 16.3 ~c!, and 30.0~d!.
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with the electrons right where the plasma density is
pressed by the ponderomotive forces. As a consequenc
efficient acceleration of the ions takes place. Various mec
nisms of electron and ion acceleration in nonuniform pl
mas are described in Ref.@18#.

Finally, in Fig. 11,f e(x,v,t) is shown as in Fig. 3, but fo
v055. At x50 @~a! and ~c!# the formation of isolated
‘‘beams’’ of accelerated electrons is observed, besides
bulk heating as in the case of the decaying plasma. Aro
x5p/2 @~b! and~d!# a highly nonequilibrium electron distri
bution is formed. In order to stress the strong coupling of
electron and ion dynamics in the nonlinear phase of the
teraction, we show in Fig. 12 the ion distribution functio
f p(x,v,t) for v055. At x50 @~a! and ~c!# the distribution
function broadens while maintaining its equilibrium chara
teristics. On the other side, atx52.6 @~b! and ~d!#, after an
initial phase of forced oscillations at the pump frequency
low-density ion component starts to be accelerated mon
nously acquiring a drift velocity much larger than the io
thermal speed. By inspection of Fig. 5 we can see that
regime occurs in correspondence of the arrival of the i
density cavity border at the considered coordinate. As
cussed above, a quasistationary~negative! electric field is
produced locally in these conditions, which turns out to be
the origin of the observed ion acceleration.

V. CONCLUDING REMARKS

This paper contains the results of a detailed~the first, to
our knowledge! numerical analysis of the dynamics of a on
dimensional strongly nonlinear electrostatic perturbation i
two-component plasma, paying particular attention to
connections between the phase-space dynamics and the
roscopic evolution of the system. Two cases have been
sidered:~a! the free decaying of an initial density perturb
tion and ~b! the plasma response to a continuously appl
inhomogeneous oscillating electric field, for several valu
of the pump frequency. Moreover, though remaining in
nonrelativistic regime, we have investigated large amplitu

FIG. 12. The ion distribution functionf i(x,v,t) for v055. The
same plots as in Fig. 11 are reported, forx50 @~a! and ~c!# andx
52.6 @~b! and ~d!#.
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electrostatic perturbations extending toṽ2@vTe
2 , which can

characterize low-temperature laboratory or ionospheric p
mas. These regimes, even in the simple one-dimensi
case, cannot be treated analytically by any means, but
ertheless they manifest several interesting features and i
connections between the microscopic and the macrosc
behavior of the plasma.

We have demonstrated the quasistationary production
plasma density cavities, the generation of spatial harmon
and an efficient broadening of the initial electric field spe
trum during the interaction. We have observed the trans
mation of wave energy into electron ‘‘temperature,’’ and t
production of accelerated particles and the formation
highly nonequilibrium electron distribution functions, de
pending on the spatial region of observation. Finally,
have shown that the onset of a ponderomotive potential
tribution, produced by the rearrangement of the ion dens
leads to the process of electron trapping into the poten
troughs with the characteristic vortex structure in the ph
space.

This analysis, even if limited to a one-dimensional geo
etry, gives some hints to the experimental investigation b
on the strong turbulence and to the wave-particle interac
physics: the electron heating and the frequency downshif
the plasma frequency inside the regions of density de
tions, thek-spectral broadening of the initial perturbatio
and the fast particle production, on one side, and the elec
density accumulation corresponding to the resonant elec
trapping inside the wave potential, on the other side, co
be subjects of experimental measurements. Notice t
among the several aspects of the interaction mentio
above, the charged particle acceleration experimentally
served during the radiofrequency plasma heating is prese
subject to several theoretical interpretations@22#.

Moreover, we would like to stress the principal role of th
ion dynamics when considering wave-particle interaction
a real plasma. Namely, in a number of papers dealing w
the problem of nonlinear Landau damping, as for exam
Refs.@23,24# among the most recent, the electron dynam
is followed for times of the order of tens or hundreds
timesAmp /me of the inverse of electron plasma frequencie
maintaining immobile background ions. In light of our sim
lations, it appears clear that when an electron-ion plasm
considered, the results drawn in the frame of a fixed-
model can be changed significantly.
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